Math 267 Exam 3 Notes
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A surface of revolution is obtained by revolving a plane curve C about a line (the axis of
revolution) in the plane. To obtain the equation of the surface obtained when the curve

f(x,y) =0 in the xy-plane is revolved about the x-axis, replace y by \/m , etc.
FUNCTIONS OF TWO OR MORE VARIABLES

Limits : 2-path rule continuity: determine domain in R? or R®
increment Aw =f(x+Ax,y +Ay) - f(x,y) .

Aw =fx(xovyo)AX + fy(xo’yo)Ay +|:|1 Ax + Dz Ay,
where [0, and O, are functions of Ax and Ay that have the limit O as (Ax,Ay) -(0,0).

differential dw of the dependent variable w is dw =f, (x,y)dx +f (x,y)dy = Z—de + (Z—Wdy
X y
CHAIN RULE Ifw =f(u,v), with u = g(x,y),v=h(x,y), and if f, g, and h are differentiable, then
ow =6_w6_u+6wav_ ow _ dw ou +awav

Ox Quodx avax dy dudy ovoy

If an equation F(x,y) =0 determines, implicitly, a differentiable function f of one variable x such

thaty =f(x), then . = _E(X¥).
dx Fy (X,y)

If an equation F(x,y,z)=0 determines an implicit differentiable function f of two variables x and y

such that z=f(x,y) for every (x,y) in the domain of f, then
0z _ _F(xy,2) 0z __F(xy.2)

x  FR(xy2) 9y F(&y2)
Letw =f(x,y),and let u =u,i +u,j = <u1,u2> be a unit vector. The directional derivative of f at

P(x,y)in the direction of u, denoted by D.f(x,y),is

f(X+Su1:y +Su2) B f(xay)
S

D;f(x.y) = lim =f,ay)u, + 1, (xy)u, = Of(x,y) U



The gradient of fis Of(x,y) = fx(x,y)f + fy(x,y)]' (orthogonal to level curve/surface)
Let f be a function of two variables that is differentiable at the point P(X,y).
(i) The maximum value of D.f(x,y) at P(x,y)is |Of(x,y)|.
(if) The maximum rate of increase of f(x,y) at P(x,y) occurs in the direction of Of(x,y).
(iii) The minimum value of D; f(x,y) at P(x,y)is | Of(x,y)|
(iv) The minimum rate of increase (or maximum rate of decrease) of f(x,y)atP(x,y)occurs
in the direction of —0Of(x,y).

An equation for the tangent plane to the graph of F(x,y,z)=0at the pointP, (xo,yo,zo) is
Fx (XOiyovzo)(X _Xo) + Fy (Xovyovzo)(y _yo) + Fz (XO’yO'ZO)(Z _Zo) =0

The normal line to S at P, is parallel to the vector OF (xo,yo,zo).

Let f be a function of two variables. A pair (a,b)is a critical point of f if either
(i) f.(ab)=0andf (ab)=0, or
(ii) f,(a,b) or f,(a,b) does not exist.

discriminant D of fis given by D(x,y) =|* | =f, (xy)f, (x,y) = [fxy(x,y)]2

f
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Test for local extrema
Let f be a function of two variables that has continuous second partial derivatives throughout
an open disk R containing (a,b). If f,(a,b) =f,(a,b) =0and D(a,b)>0, then
(i) f,(ab) <0 = f(a,b)is a local maximum
(i) f,,(a,b) >0 = f(a,b) is a local minimum
If D(a,b) <0, then (a,b,f(a,b)) is a saddle point.

To get extrema over a closed and bounded region: get local extrema and test extrema the
boundary.

Constrained Optimization
Suppose f and g are functions of two variables that have continuous first partial derivatives, and

that (g #0 throughout a region of the xy — plane. If f has an extremum f(x,,Y,) subject to the
constraint g(x,y) = 0, then there is a real number A such that Of(x,,y,) = A09(X,.Y,) -
Ais called a Lagrange multiplier.

Technique: Solve the system
f(xy) =g, (x.y)
f,(xy) =g, (x.y)
g(xy)=0
Applications:
1. rate of change
2. approximations using differentials
3. related rates
4

. optimization



