Math 266 Fourth Exam Review Notes

Alternating Series Test

If (i) &, 2a,,, >0 and (ii) lima, =0, then Z(—l)n ~a, is convergent.
n—owo n-1

Error in using S, to approximate the sum S of a convergent alternating series is |S - Sn| <a,,,

A series > a, is absolutely convergent if >'|a | is convergent. (ex. > (-1)"1/n*)
A series ) a, is conditionally convergent if > a is convergentand ) |a | is divergent. (ex. > (-1)"1/n)

> "a, absolutely convergent = > a, convergent

Ratio Test (Root Test) for Absolute Convergence
an +1

Let Zan be a series of nonzero terms, and let lim
a,

n—oo

L (limoQ/?n:L).

(i) L<1= ) a, is absolutely convergent.
(i) L>1or o =Y a is divergent.
(i) L =1, use a different test.

A power series in x is a series of the form Z ax"=a, +ax+ax*+..+ax"+..,a,real
n=0

A power series in x — ¢ is a series of the form

iah(x—c)n =g, +a(x—c)+a(x—c) +..+a,(x-c) +.., areal
n=0

If Zanx” is a power series in x, then exactly one of the following is true:

(i) The series converges only if x =0
(ii) The series is absolutely convergent for every x.
(iii) There is a number r > 0 such that the series is absolutely convergent if XE(—r,r)and divergent if

X< —rorx>r;ris called the radius of convergence of the series.
The interval of convergence is the totality of numbers for which a power series converges.

If Zan (x —c)n is a power series in x - ¢, then exactly one of the following is true:
(i) The series converges only if x =c¢

(ii) The series is absolutely convergent for every x.
(iii) There is a number r > 0 such that the series is absolutely convergent if xa(c -r,c+ r) and divergent if

X< C-rorx>c+r ;ris called the radius of convergence of the series.
Power Series Representations of Functions
Suppose Zanx” has a radius of convergence r > 0, and let

f(x)= D ax" =a, +ax+ax +ax® +...+a,x"+...
n=0

for every xe(-r,r). If xe(-r,r), then

f'(x) = a, + 2a,x + 3a,x* + ...+ na,x" '+...= ) na x"*
n=1
X X2 X3 n+1 0 a
and f(t)dt =a,x + a,— + a,—+...+a .= n_x"*t
IO() % ai2 6123 "n+1 nZ_On-i‘l



Maclaurin Series for f(x)

If a function f has a power series representation f(x) = z a,x" with radius of convergencer >0,
n=0

Q)
then f*(0) exists for every positive integer k and a, = & Thus,
n!

f(x)="f(0) + f'(0)x + f"(_O)X2 ot f(n)ﬂx” ...
2! n!

Taylor Series for f(x)

0

If a function f has a power series representation f(x) = z a, (x —c)n with radius of convergence r >0,

n=0
K . P f™(c)
then f*(c) exists for every positive integer k and a, = — Thus,
n!
, f(c) 2 ™ (c) n
f(x)=f(c) +f'(c)(x—c) + o (x—c) +...+T(x—c) _
nth-degree Taylor polynomial
" (n) n_£(k)
P,(x)=f(c) +f'(c)(x—c) +f2(—(|:)(x—c)2 o+ f—(|c)(x—c)n = Zf k(lc)(x—c)k
! n: k=0 :

nth-degree Maclaurin polynomial (replace c by 0)

Taylor’'s Formula with Remainder
Let f have n + 1 derivatives throughout an interval containing c. If x is any number in the interval, x=c, then

there is a number z between ¢ and x such that

(n +1)
f (Z)(x—c)n”
(n+2)

If im R, (x) =0, then f(x) is represented by the Taylor series for f(x) at c.

f(x)=P,(X) + R,(X), where R,(x) =

n
X
Important Limit: lim u =0

n->» nl

Important Maclaurin Series

3 X5 X7 X2n+l
sinXx=X—-—+—-—+...+(-)"—+... forx e (—o,)
31 51 7 (2n + 1!
2 X4 XG 2n
cosx=1-—+-——"—+ ...+ (-1)"——+... forx € (—oo,)
21 41 el (2n)!

. 2 X3 Xn
e =1+X+—+—+...+—+... forx e (—o,0)
21 3! n!

X2 X3 X4 Xn+l
nA+x)=x-—+—-—+ ... +(-)"'——+... forx e (-11
( ) 2 3 4 D n+1 (l]

3 5 7 2n+1
tan’lx:x—X—+X——X—+...+(—1)n X +... forx e [-11]

3 5 7 2n+1

3

. X X X
sinhx=X+—+—+—+ ...+ ———
31 51 71 (2n + 1!

5 7 2n+1

+... forx e (—o0,®)

X2 X4 2n
coshx=1+—+—+...+
21 4] (2n)!

Binomial Series |f |x |< 1, then for every real number k,

—k(k _1)x2+...+k(k_1)”'(k_n+1) X" ...
2! n!

+... forx € (—o0,)

(1+ x)k =1+kx +






