
Math 266 First Exam Review Notes 
 
A. Inverse Functions 
 
A function is one-to-one if →:f D R ≠ ⇒ ≠in ( ) ( ) ina b D f a f b R . 
f is increasing is one-to-one. ⇒ f
f is decreasing is one-to-one. ⇒ f
 
Let  be one-to-one.  A function  is the inverse function of f, provided that  →:f D R →:g R D
                            ∀ ∈x D  and : ∀ ∈y R = ⇔ =( ) ( )y f x x g y  
 
Procedure for finding the inverse: 
1.  Verify that is one-to-one. →:f D R
2.  Solve  for x. = ( )y f x
3.  Switch the variables x and y.  Let = ( )y g x . 
4.  Show (i)   = ∀ ∈( ( )) ,g f x x x D
              (ii)   = ∀ ∈( ( )) ,f g y y y R
 
Inverse Function Theorem  If (i) f is differentiable  
                                                 (ii) −= 1g f  exists  
                                                 (iii) ≠'( ( )) 0f g c  

                                               then g is differentiable at c and =
1'( )

'( ( ))
g c

f g c
. 

 
B. The ln and e Functions 
 
The natural logarithm function, denoted by  ln, is defined by 

                      = ∫1
1ln

x
x dt

t
         for every . >0x

Note that , or the range is the set of real numbers. −∞< < ∞ln x
 
Derivative 

   (i)  =
1lnx xD u D u
u

 if       (ii)  >( ) 0g x =
1lnx xD u D u
u

 if ≠( ) 0g x  

 
Laws of Natural Logarithms If p > 0 and q > 0, then 
   (i)  = +ln ln lnpq p q  

   (ii)  = −ln ln lnp p q
q

 

   (iii)  =ln lnrp r p  for every rational number r 
 
Logarithmic Differentiation 

- useful when the function is complicated, or 
- for functions where both the base and exponent are variable (ex, xx ) 

 
           Steps: 
                    1.             (given) = ( )y f x
                    2.       (take natural log and simplify) =ln ln ( )y f x
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                    3.  [ ] [ ]=ln ln ( )x xD y D f x     (differentiate implicitly) 

                    4.   [ ]=
1 ln ( )x xD y D f x
y

 

                    5.   [ ]= ( ) ln ( )x xD y f x D f x   (multiply by = ( )y f x ) 
 
The natural exponential function is the inverse of the natural logarithmic function. 
                                      = ⇔ = ∈ >Rexp ln , , 0y x x y x y
 

Properties:  (i)    (ii) +=p q p qe e e −=
p

p q
q

e e
e

   (iii) ( ) =
rp pe e r  

Derivative If  and  is differentiable, then . = ( )u g x g =u u
x xD e e D u

                      
Integration Formulas for e and ln: 

                        = +∫
1 lndu u C
u

 and   = +∫ u ue du e C  

 
Integration Formulas for tan, cot, sec, csc: 
                    (i) = − +∫ tan ln cosu du u C  

                   (ii) = +∫cot ln sinu du u C  

                   (iii) = +∫sec ln sec tanu du u u C+  

                   (iv) = − +∫csc ln csc cotu du u u C  
 
C. General Exponential and Log Functions 
 
If a  is a positive real number and x  is any real number, then 
                                   = lnx x aa e
If , then f is the exponential function with base a. =( ) xf x a
 
Properties   ( ) ( )+= =, ,

v uu v u v u uv u ua a a a a ab a b=

                       − ⎛ ⎞= =⎜ ⎟
⎝ ⎠

,
uu u

u v
v u

a aa
ba b

a  

 
Derivative  ( )= lnu u

x xD a a a D u

Integral     ⎛ ⎞
= +⎜ ⎟
⎝ ⎠

∫
1

ln
u ua du a C

a
 

 
If  and , then f  is a one-to-one function.  Its inverse function lo  is the  ≠1a =( ) xf x a ga

logarithmic function with base a.   We have 
                      = ⇔ =log y

ay x x a
The expression loga x  is called the logarithm of  x with base a.   
 

Relationship Between lo  and ln :  ga =
lnlog
lna

xx
a
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Derivative  
⎛ ⎞

= = ⋅⎜ ⎟⎜ ⎟
⎝ ⎠

ln 1 1log
ln lnx a x x

u
D u D D

a a u
u  

                        

Integral  same as ln formula for ∫
du
u

 

 
D.  Laws of Growth and Decay 
 
Let  be a differentiable function of  such that  for every t , and let y t >0y 0y  be the value of y  
at .  If  =0t
                            =/dy dt cy
for some constant , then c
                           .   = 0

cty y e ( )∗
If  then (  is a law of growth.   (ex, bacterial population) >0c )∗
If , then (  is a law of decay.    (ex, radioactive decay) <0c )∗
 
Newton’s Law of Cooling   
                   , where T is the temperature of the object at any time t and = −/ (dT dt c T S)
                                                           S is the temperature of the surrounding medium (ex, air) 
 
E.  Inverse Trigonometric Functions 
 

1.  π π−= ⇔ = − ≤ ≤ − ≤ ≤1sin sin , where 1 1 and 
2 2

y x y x x y  

2.  π−= ⇔ = − ≤ ≤ ≤ ≤1cos cos , where 1 1 and 0y x y x x y  

3.  π π−= ⇔ = −∞ ≤ ≤ ∞ − < <1tan tan , where and 
2 2

y x y x x y  

4.  π π− ⎡ ⎞ ⎛ ⎤= ⇔ = ≥ ∈ − ∪⎟ ⎜⎢ ⎥⎣ ⎠ ⎝ ⎦
1csc csc , where 1 and ,0 0,

2 2
y x y x x y  

5.  π ππ− ⎡ ⎞ ⎡ ⎞= ⇔ = ≥ ∈ ∪⎟ ⎟⎢ ⎢⎣ ⎠ ⎣ ⎠
1 3sec sec , where 1 and 0, ,

2 2
y x y x x y  

6.  π−= ⇔ = − ∞< <∞ <1cot cot , where and 0y x y x x y <  
 
Derivatives                                                         Integrals 

− =
−

1

2
sin

1
x

x
D uD u

u
                                            −= +

−
∫ 1

2 2
sindu u C

aa u
 

− = −
−

1

2
cos

1
x

x
D uD u

u
       

− =
+

1
2tan

1
x

x
D uD u

u
                                               −= +

+∫ 1
2 2

1 tandu u C
a aa u

 

 − =
−

1

2
sec

1
x

x
D uD u

u u
                                        −= +

−
∫ 1

2 2

1 secdu u C
a au u a
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F.  Hyperbolic Functions
 

1.  
−−

=sinh
2

x xe ex                                      4.  −=
−
2csch x xx

e e
 

2.  
−+

=cosh
2

x xe ex                                     5.  −=
+
2sech x xx

e e
 

3.  
−

−

−
=

+
tanh

x x

x

e ex
e e x                                     6.  

−

−

+
=

−
coth

x x

x

e ex
e e x         

 
“Pythagorean Identities” 
                     ,     − =2 2cosh sinh 1x x − =2 21 tanh sechx x ,    − =2 2coth 1 cschx x  
 
Derivatives                                                                  Integrals 
                                                  =sinh coshxD u u Dxu = +∫cosh sinhu du u C  

                                                  =cosh sinhxD u u Dxu = +∫sinh coshu du u C  

                                                = 2tanh sechxD u u Dxu = +∫ 2sech tanhu du u C  

                                               =− 2coth cschxD u u Dxu = − +∫ 2csch cothu du u C  

                                      =−sech sech tanhx xD u u u D u = − +∫sech tanh sechu u du u C

u

 

                                      = −csch csch cothx xD u u u D =− +∫csch coth cschu u du u C  
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