Math 266 First Exam Review Notes

A. Inverse Functions

A function f :D—>Risone-to-oneifazbinD = f(a)=f(b)inR.
fisincreasing =f is one-to-one.
f is decreasing =f is one-to-one.

Let f :D—R be one-to-one. A function g :R—D is the inverse function of f, provided that
vxeD andVvVyeR:y =f(x) & x =g(y)

Procedure for finding the inverse:
1. Verify that f :D—R is one-to-one.

2. Solve y=f(x) for x.
3. Switch the variables x and y. Let y = g(x).
4. Show (i) g(f(x))=x, vxeD

(i) f(a(y)=y,vyeR

Inverse Function Theorem If (i) fis differentiable
(i) g=f" exists
(iii) f'(g(c))=0
then g is differentiable at c and g'(c) = 1

f'(g(c)

B. The In and e Functions

The natural logarithm function, denoted by In, is defined by

Inx=J‘lX % dt for every x>0.

Note that —o< InX < o, or the range is the set of real numbers.

Derivative

(i) Dxmu:lDXu if g(x)>0 (i) Dx|n|u|=1DXu if g(x)=0
u u

Laws of Natural Logarithms If p>0 and g > 0, then
M Inpg=Inp +Inqg

(ii) |n§ —Inp-Ing

(i) Inp" =r Inp for every rational number r

Logarithmic Differentiation
- useful when the function is complicated, or

- for functions where both the base and exponent are variable (ex, x*)

Steps:
1. y=1(x) (given)
2. Iny =Inf(x) (take natural log and simplify)



3. D,[Iny]=D,[Inf(x)] (differentiate implicitly)
4, leXy =D, [Inf(x)]
5. D,y =f(x)D,[Inf(x)] (multiply by y =f(x))

The natural exponential function is the inverse of the natural logarithmic function.
y=expx & x=Iny,xeR,y >0

p r
Properties: (i) ePe =eP*? (i) e_q — e (i) (e°) =e”
e
Derivative If u =g(x) and g is differentiable, then D, e" =e"D, u.

Integration Formulas for e and In:

J‘ldu =In|u| + C and Ie“ du=¢e"+C
u

Integration Formulas for tan, cot, sec, csc:
(i) Itanudu:—ln|cosu|+C

(ii) jcotudu = In|sinu|+C
(iii) Isecudu =In|secu + tanu| + C

(iv) Jcscudu=|n|cscu—cotu| +C

C. General Exponential and Log Functions

If a is a positive real number and x is any real number, then
ax :exlna

If f(x) =a*, then f is the exponential function with base a.

Properties a"a’ =a"", (a“ )V =a", (ab)'=a'p"

Derivative D, a’ = (a’Ina)D,u

Integral .[a“ du = (ija“ +C
Ina

If a1 and f(x) = a*, then f is a one-to-one function. Its inverse function log, is the
logarithmic function with base a. We have

y =log, x & x=a’
The expression log, x is called the logarithm of x with base a.

. . Inx
Relationship Between log, and In: log, x =|—
na



- In|u]
Derivative D,log,|u| =D,| —— |=—=D,u

du
Integral same as In formula for .[—
u

D. Laws of Growth and Decay

Let y be a differentiable function of t such that y >0 for every t, and let y, be the value of y
at t=0. If
dy/dt =cy
for some constant c, then
Yy =Yoe®. (%)
If c>0 then (*) is a law of growth. (ex, bacterial population)
If c<0, then (*) is alaw of decay. (ex, radioactive decay)

Newton’s Law of Cooling
dT /dt =c(T —-S), where T is the temperature of the object at any time t and

S is the temperature of the surrounding medium (ex, air)

E. Inverse Trigonometric Functions

1. y =sin"x < siny = x, where -1 < x <land —%s y s%

2. y=C0oS'X < cosy =X, where-1<x<land0<y<nr

3. y=tan'x < tany = x, where —« < x < oo and —%< y <%
4. y =csc™'x < cscy = x, where |x| > 1and ye{—%,oju(o,%}

5. y =sec™x < secy = x, where |x| > 1and y€|:0,%ju|:ﬂ,37ﬂj

6. y =cot'x < coty = x, where —co<x<ow and 0<y <z

Derivatives Integrals
- du .U
D, sinu = j—=3|n1—+C
2 2 a
D,u
D,cos™u =——
1-u?
_ D,u du 1, ,u
D, tan™u = —= J —— =—tan'=+C
1+u a“+u- a a
_ D.u
D, sec'u = X “Lsec —+C

S o o=



F. Hyperbolic Functions

. e¥-e™ 2

1. sihnhx=——"— 4. csCh X = ——
2 e'—-e
e +e” 2

2. coshx=——"— 5 sechx=——+7—
2 e’ +e

e*-—e™ e*+e™”

3. tanhX:ﬁ 6. COthX=ﬁ
e’+e e‘—e

“Pythagorean Identities”
cosh’x —sinh?x =1, 1-tanh®x =sech?x, coth?x —1=csch?®x

Derivatives Integrals
D, sinhu = coshuD,u Icoshudu =sinhu + C
D, coshu = sinhuD,u jsinhudu =coshu +C
D, tanhu = sech’uD,u Isechz udu = tanhu + C
D, cothu =—csch’uD,u jcschz udu = —cothu + C
D, sechu =—sechutanhuD,u Jsechutanhu du = -sechu +C

D, cschu = —cschucothuD,u J'cschu cothudu =—cschu + C



