Math 270 Exam 3 Review Draft 3

1. Mark the following as TRUE or FALSE.
a. Let L:V —W be a linear transformation. The L is one-to-one if and only if
dimrange L =dim V.
b. An orthonormal set can contain the zero vector.
If v is orthogonal to both u and w, then v is orthogonal to every vector in
the span {G, Vv} .
d. If L:R®— R® isa linear transformation, then it is possible for L to be an

onto transformation.
e. The determinant of 2x2 matrices defines a linear transformation from M,,

to R

2. LetA(3,2,-1),B(5,1,0),C(0,3,0),D (1,3, 2). Find the following using cross
products of vectors.
a. Areaof AABC

b. Areaof parallelogram with adjacent sides AB and AC

c. Equation of the plane containing points B, A, and D.

d. Parametric equations of the line through C perpendicular to the plane
through B, A, and D.

3. Use the inner product space of continuous functions on [0,1] defined as
1
(f,g)= j f (t)g(t)dt for the following.
0

a. Find the angle (in degrees) between p(t) =1 and q(t) =2t + 3.
b. Let p(t)=6t+2 and q(t)=at+1. For what values of a are p(t) and q(t)

are orthogonal?
c. Find the distance between sint and cost .

d. LetS= {t, sin 27zt} be a basis for a subspace W of the inner product space.
Find an orthonormal basis for W.

4. LetS= {\71 vy, \Z} be a set of nonzero vectors in R* such that any two vectors are

orthogonal. Prove that S is linearly independent.

wln

,| =2 |} is an orthonormal basis for R®. Find the

Wl wln

5. Verify that S =

W wo we

1
3

2
3
15
coordinate vector of v=| 3 | with respect to S.
3



6. Use the Gram-Schmidt process to find an orthonormal basis for the following.
a. Subspace of R, withbasis {[1 0 -1 0],[1 -1 0 0],[2 1 0 0]}

1 0 5 =2
b. Null space of A=
0 1 -2 -5

c. Subspace of R* consisting of all vectors of the form

o o T o

such that a—3b—-2c+d =0
d. Euclidean space P, with basis {1,t,t2}

7. Which of the following are linear trasformations?
a. L:M, — M, defined by L(A)=A"

b. L:M_ —>M, definedby L(A)=A"
c. L:M,, —R"defined by L(A)=det(A)
d. L:M,, — R defined by L(A)=Tr(A)

k
e. L:R?*— R? defined by LHUID{Uﬁ uz}
u u,

2
f. L:P,—P, defined by L(p(t))=t*p'(t)+tp(0)
g. L:P — P, defined by L(p(t))= tpt
(f

-

h. L:C[0,1] > R" defined by L(f)= jf(t)dt

0

8. Find the standard matrix representing each given linear transformation.
u, —2u,

a. L:R?— R® defined by L@ulDz 3u, - U,
ta 4u,

b. L:B — P, defined by L(at+b)=1at’+bt+(a-b)

9. Let Abeafixed 3x3 matrix, L: M, — M, be defined by L(X)=AX — XA for
Xin Mg,. Show that L is a linear transformation.

10. Let W be the vector space of all real-valued functions and let V be the subspace of
all differentiable functions. Define L:V —»W by L(f)=f". ProvethatLisa

linear transformation.



1 -2 -1
11.Let A=|0 1 0 | bethe standard matrix representing the linear transformation

3 4 1
L:R® - R®. Find:
3 -5
a. L||-1 b. L|| 0
2 -3

12. LetV =C [a, b] be the vector space of all real-valued functions that are integrable

b
over the interval [a,b]. LetW be R*. Define L:V —-W by L(f)=jf(x)dx.

Prove the L is a linear transformation.

13. Use the substitution scheme A<1, B+ 2, ... Y <25 Ze26and
1 2 2
encoding matrix A=|2 3 3.
1 21

a. Code the message STUDY HARD
b. Decode the message:
79 130 60 88 136 73 47 81 35 68 108 60 19 31 14 59 98 59

14. For each linear transformation, find a basis and the dimension for the ker L and a
basis and dimension for the range L.
a. L:P,— P, defined by L(at*+bt+c)=(a+c)t’+(b+c)t
1

b. L:P — R defined by L(p(t))= Ip(t)dt

0

a+d b-c
c. L:M,,>M,, definedb L
227 Mz y a+b b-d
% 1 2 1 3 %
4 3 - X2 X2
d. L:R"—> R’ defined by L =2 1 -1 2
X3 X3
1 0 0 -1
X4 X4

15. Prove that if A and B are nonsingular nxn matrices, then AB and BA are similar.



16.

17.

18.

19.

20.

21.

22,

Show that if A and B are similar matrices, then A* and B* are similar for any
positive integer k.
Let L:V —W be a linear transformation. If {\71\72 o \Tk} spans V, show that

{L(\Tl) L(\Tz) o L(\7k')} spans range L.

Let W be the vector space of real-valued functions and V the subspace of all
differentiable functions. Let L:V — W be the linear transformation defined by

L( f ) = f'. Find ker L. Prove or disprove that L is one-to-one. Prove or disprove
that L is onto.

Let L:P, — P, be defined by L(p(t))=tp(t)+ p(0). Consider the ordered bases
S={t,1} and S'={t+1,t-1} for B,and T ={t*,t,1} and T'={t*+1 t-1,t+1|

for P,. Find the representation of L with respect to

a. SandT
b. SSand T’

Let V be the vector space of real-valued continuous functions with basis
S= {eZt, e‘”} . Find the representation of the linear operator L:V —V defined by

L(f)=f" withrespecttoS.
—2X
Let L:R? — R? be the linear transformation defined by LL[XiD = [Xi 2]
X, Xo =%
. ) 1|2 . .
Let S be the natural basis for R“ and T = A1l Find the representation of L

with respectto Sand T.

Let L:P, — P, be alinear transformation that is represented by the matrix
A:ﬁ _23} with respect to the basis S ={p, (t), p, (t)}
where p,(t)=t—2 and p,(t)=t+1. Compute
L(p.(t)) and L(p, (t))
[ pi(1)) ], and [ L (. (1) |

c. L(t+2)



